The rebellious voter model, introduced by , is a variation of the standard, one-dimensional voter model, in which types that are locally in the minority have an advantage. It is related, both through duality and through the evolution of its interfaces, to a system of branching annihilating random walks that is believed to belong to the 'parity-conservation' universality class. This paper presents numerical data for the rebellious voter model and for a closely related one-sided version of the model. Both models appear to exhibit a phase transition between noncoexistence and coexistence as the advantage for minority types is increased. For the one-sided model (but not for the original, two-sided rebellious voter model), it appears that the critical point is exactly a half and two important functions of the process are given by simple, explicit formulas, a fact for which we have no explanation.
Introduction
case α 0 = α 1 = α, their model is dual to a system of parity preserving branching-annihilating random walks, with branching rate 1−α. For d = 1, N = 1, up to a rescaling of time, this dual model is the DBARW; results for the latter imply that the model of Neuhauser and Pacala with d = 1, N = 1 exhibits noncoexistence for all α > 0. For N ≥ 2 and d = 1, their model is supposed to exhibit a nontrivial phase transition between coexistence and noncoexistence. For d = 2, their model is supposed to exhibit noncoexistence only for α = 1 while in dimensions d ≥ 3 noncoexistence holds for all α, in line with the predictions made in [CT98] .
Much of this lacks rigorous proof. First of all, it is not rigorously known that coexistence is a decreasing property in α, or, in terms of the dual model, that increasing the branching rate leads to more particles in the system. Obvious as this may seem, finding a rigorous proof seems hard. Second, there exists no rigorous proof of noncoexistence (or equivalently, the existence of an absorbing phase for the dual model) except in the trivial cases α = 1 (pure voter) or d = 1, N = 1 (related to DBARW). On the other hand, there exist a number of rigorous results proving coexistence (or equivalently, the existence of an active phase for the dual model). Neuhauser and Pacala proved that their model exhibits coexistence for α sufficiently close to zero for all values of d and N except d = 1, N = 1. In [CP06] , it has been proved that the model of Neuhauser and Pacala exhibits coexistence in dimensions d ≥ 3 for α sufficiently close to one (the case of intermediate α is still open due to the lack of a proof of monotonicity in α). The analogue result in d = 2 is proved in [CMP09] .
Some similar models were introduced in [BEM06] , who studied parity preserving branchingannihilating random walks which allow for more particles at one site, and [SS08a] , who introduced the rebellious voter model that will be studied in the present paper. A simple numerical simulation of that model, run for illustrative purposes, seemed to suggest that the critical point of this model is exactly a half, which motivated the present work. In fact, our results show that the critical value for this particular model is not 1 2 , but a closely related, one-sided version of the model seems to have its critical point exactly at α = 1 2 and may in some sense be exactly solvable.
2 Set-up and basic properties 2.1 Definition of the models Let {0, 1} Z := x = (x(i)) i∈Z : x(i) ∈ {0, 1} ∀i ∈ Z (2.1) be the space whose elements x are infinite arrays of zeroes and ones, situated on the integer lattice Z. We will be interested in Markov processes taking values in {0, 1} Z . We will mainly focus on the rebellious voter model introduced in [SS08a] , and a variation on this model, which we call the one-sided rebellious voter model. For expository reasons, we will also shortly discuss two other models, the disagreement and swapping voter models.
In the one-sided rebellious voter model, initially, each site i ∈ Z has a type x(i) ∈ {0, 1} assigned to it, and these types are updated according to the following stochastic dynamics. Independently for each site i ∈ Z, one constructs times 0 < τ 1 (i) < τ 2 (i) < · · · according to a Poisson process with rate 1, i.e., τ 1 (i) − 0, τ 2 (i) − τ 1 (i), τ 3 (i) − τ 2 (i), . . . are i.i.d. exponentially distributed with mean 1. At each time t = τ k (i), with k = 1, 2, . . ., the type of site i is updated according to the following rules. With probability α, the site i looks at the site i − 1 on its left, and if the type of site i − 1 is different from the type of i, then site i changes its type. With the remaining probability 1 − α, the site i looks at the two sites i − 2 and i − 1 on its left, and if the type of site i − 2 is different from the type of i − 1, then site i changes its type. If we let X t (i) denote the type of site i at time t, then (X t ) t≥0 is a continuous-time Markov process taking values in {0, 1} Z , which we call the one-sided rebellious voter model. Another way of describing its dynamics is to say that in this model, for any i ∈ Z, the process X makes the transition
x → x {i} with rate α1 {x(i−1) =x(i)} + (1 − α)1 {x(i−2) =x(i−1)} , (2.2)
where 1 A denotes the indicator function of an event A and for any x ∈ {0, 1} Z and ∆ ⊂ Z, we let
denote the configuration obtained from x by changing the types of all sites in ∆.
The original rebellious voter model as introduced in [SS08a] is similar to the process described above, except that sites do not only look to the left, but also to the right when deciding whether to update their type. More precisely, in this case, at each time τ k (i) as defined above, the site i decides, with probability 1/2 each, to look either to the left or to the right. If the site looks to the left, then its type is updated as before. If the site i looks to the right, then with probability α, it looks at the site i + 1 on its right, and if the types of i and i + 1 are different, then i changes its type. With the remaining probability 1 − α, the site i looks at the two sites i + 1 and i + 2 on its right, and if the types of i + 1 and i + 2 different from each other, then i changes its type. Another way of describing these dynamics is to say that in this model, for any i ∈ Z, the process makes the transition x → x {i} with rate
We note that our description of the rebellious voter model differs a factor 1/2 in the speed of time in comparison to the original definition in [SS08a] .
A third and fourth model, that we also shortly discuss in this introduction, are the disagreement and swapping voter models. The disagreement voter model evolves as
x → x {i} with rate
while the swapping voter model evolves as
In case of the rebellious voter model and its one-sided counterpart, the parameter 0 ≤ α ≤ 1 can be interpreted as the (interspecific) competition parameter. For α = 1, the model is a standard, one-dimensional voter model, as first introduced in [CS73, HL75] . For α < 1, one can check that the dynamics give an advantage to types that are locally in the minority. As a consequence, at least on a heuristic level, decreasing α should make it harder for any type to die out. The rebellious voter model has been introduced in [SS08a] in an attempt to model the distribution of two closely related species where competition between organisms belonging to different species is less strong than competetion between organisms of the same species.
Interface and dual models
The models introduced so far are in two ways related to parity preserving branching annihilating particle systems. First, if X is any of the models defined in (2.2) and (2.4)-(2.6), then setting
defines a Markov process taking values in {0, 1} Z that we call the interface model associated with X. (The sites i such that X t (i) = X t (i + 1) are called interfaces, or also kinks or domain walls.) Indeed, in case of the one-sided rebellious voter model, it is not hard to see that Y jumps as y → y {i,i+1} with rate α1
where we use notation defined in (2.3). For the two-sided process, the dynamics of Y are given by y → y {i,i+1} with rate
(2.9) (see [SS08a, Section 1.2]), while for the disagreement voter model we get the 'swapping annihilating random walk' (SARW)
and for swapping voter model we get
with rate α 1 {y(i)=1} + 1 {y(i+1)=1}
with rate
Following [Sud90] , we call this latter model the double branching annihilating random walk (DBARW); very similar models (usually in discrete time) have been called BARW2 or BAW in the physics literature (see, e.g., [TT92] ). In each of these interface models, since Y always flips the types of two sites at once, it is easy to see that Y preserves parity, i.e., if Y is started in an initial state Y 0 which contains a finite, even (resp. odd) number of ones, then Y t contains an even (resp. odd) number of ones for each t ≥ 0. In particular, if Y is started with an odd number of ones, then the ones can never completely die out.
There is a second relation between our models and parity preserving branching-annihilating particle systems, namely, through duality. Recall that two Markov processes X and Y with state spaces S X and S Y are dual to each other if there exists a function ψ defined on S X × S Y , called duality function, such that
where E x (resp. E y ) denotes expectation with respect to the law of the process X (resp. Y ) started in X 0 = x (resp. Y 0 = y). A necessary and sufficient condition for (2.12) is that
where G X (resp. G Y ) denotes the generator of X (resp. Y ). In typical applications, one considers ψ such that the functions ψ( · , y) y∈S Y and ψ(x, · ) x∈S X are distribution determining.
In this case, the transition probabilities of X and Y determine each other uniquely through (2.12). In our case, each of the voter models X we have introduced is a cancellative spin system in the sense of [Gri79] , hence it is know that for each of these models, there exists a Markov process Y which is also a cancellative spin system and which is dual to X with the duality function ψ(x, y) := (−1) |xy| , where for any x, y, z ∈ {0, 1} Z we let xy(i) := x(i)y(i) denote the componentwise product of x and y, and we write |z| := i z(i). In this case, (2.12) implies that
whenever X and Y are independent (with arbitrary initial laws), where in order for our expressions to be well-defined we must assume that either |X 0 | or |Y 0 | is finite. A special property of the rebellious voter model (that motivated its introduction in [SS08a] ) is that its interface model and dual model coincide, i.e., if X is the rebellious voter model, then (2.14) holds for the same Y , with dynamics described in (2.9), that also describes the interfaces of X. One way of checking this is to verify (2.13); an alternative proof, based on the graphical representation of cancellative spin systems, is described at [SS08a, formula (1.8)]. For the one-sided rebellious voter model, the dual and interface models do not coincide, but its dual is the mirror image of its interface model, i.e., the one-sided rebellious voter model satisfies (2.14) for a model Y whose dynamics are described by (compare (2.8))
It turns out that the dual (in the sense of cancellative spin systems) of the disagreement model is the DBARW (which is the interface model of the swapping voter model) while the dual of the swapping voter model is the SARW (which is the interface model of the disagreement voter model) (see [SS08a, Section 2.1]). Note that in the SARW there is no branching, which has far-reaching consequences for both the disagreement and swapping voter models.
Coexistence, survival and interface tightness
It is easy to see that the constant configurations 0 and 1 are traps for the various voter models we have introduced. By definition, we say that a Markov process taking values in {0, 1} Z d exhibits coexistence if there exists an invariant law that is concentrated on configurations that are not identically zero or one. It is known that nearest-neighbor voter models on Z d exhibit coexistence if and only if d > 2; in particular, for α = 1, our models, being one-dimensional voter models, do not exhibit coexistence. On the other hand, our models exhibit coexistence for α = 0 since in this case one can check that product measure with intensity a half is an invariant law. The question is whether there is a nontrivial phase transition between coexistence and noncoexistence. For the disagreement and swapping voter models it turns out that this is not the case. Indeed, it can be rigorously proved [Sud90, NP99, SS08a] that these model exhibits noncoexistence for all α > 0. On the other hand, it appears that the rebellious voter model and its one-sided counterpart do exhibit a nontrivial phase transition between coexistence and noncoexistence at some 0 < α c < 1.
We will mainly be interested in two functions of our processes. It is said that a voter model survives if there is a positive probability that the process started with a single one never gets trapped in 0. In view of this, for the (one-or two-sided) rebellious voter model with competition parameter α, we will be interested in the survival probability
where P δ 0 denotes the law of the process started in X 0 = δ 0 , with δ 0 (i) := 1 {i=0} . It seems plausible that for many models of the type we are considering, survival is equivalent to coexistence. Indeed, using the fact that its interface and dual models coincide, this can be rigorously proved for the rebellious voter model [SS08a, Lemma 2]; the same proof works for the one-sided process. One of the main aims of the present paper is to obtain good numerical data for the function ρ.
The function ρ quantifies, in a sense, how strongly the process exhibits coexistence (see also formulas (2.7) and (3.1) below). We need a similar formula to quantify noncoexistence. For any i ∈ Z, let x H i ∈ {0, 1} Z , defined as
denote a 'Heaviside' configuration of zeros and ones that are 'completely separated'. Following [CD95] , we say that a model X (with given parameter α) exhibits interface tightness if
i.e., if the process started in a Heaviside configuration spends a positive fraction of its time in such configurations. It is intuitively plausible that interface tightness implies noncoexistence. It is rigorously known that the swapping voter model exhibits interface tightness for all α > 0 [SS08b] .
The main aim of the present paper is to obtain good numerical data for the functions ρ and χ, both for the rebellious voter model and for its one-sided analogue.
Main results

Methods
In our simulations, we start the interface process Y of either the rebellious voter model or its one-sided counterpart with an odd number of ones on an interval of N sites with periodic boundary conditions. Note that in this case, because the number of ones is odd and because of the periodic boundary conditions, we can no longer represent Y as in (2.7), but the dynamics in (2.8) and (2.9), as well as the duality relation (2.14), still make sense. Since we start with one particle, because of parity conservation, the system cannot die out. Letting Y ∞ denote the process in equilibrium, we assume that for large N , the following approximations are valid:
The arguments why formula (3.1) (ii) should hold are obvious from (2.7) and (2.18). The justification of formula (3.1) (i) is more subtle. Let Y 1/2 denote the interface process of the rebellious voter model on Z, started in an initial law such that the (Y 0 (i)) i∈Z are independent with
, and let X be the rebellious voter model started in X 0 = δ 0 . Then by duality (2.14),
where 0 denotes the constant zero configuration. It is known that the law of Y 1/2 t converges as t → ∞ to an invariant law, which is in fact the unique spatially homogeneous, nontrivial invariant of the process [SS08a, formula (1.12) and Theorem 3 (b)]. Taking the limit t → ∞ in (3.2), we see that for this invariant law, formula (3.1) (i) holds with equality. Since it seems reasonable that the invariant laws of our finite systems approximate the invariant law of the infinite system, this justifies (3.1) (i). Similar arguments apply to the one-sided model.
A first qualitative look
Before we present our numerical data for the functions ρ and χ from (3.1), we first take a look at the qualitative behavior of the interface model Y of the rebellious voter model and its onesided analogue. In Figure 1 , we have graphically plotted Y for the two-sided process, started with a single one, with time running upwards and a black spot at a point (i, t) indicating that Y t (i) = 1. The figures shows the process for four values of α, where α c ≈ 0.51 is the estimated critial value for this process (see Section 3.3 below).
The pictures show that for α < α c , all ones are contained in an interval with edges that grow at an approximately linear speed, and that inside this interval, ones occur at some approximately constant equilibrium density. On the other hand, for α > α c , the process spends a positive fraction of its time in states where there is just a single site in state one, which indicates that the rebellious voter model exhibits interface tightness (see (2.18)). What happens exactly at α = α c is less clear from these pictures, but our numerical data, presented in Sections 3.3 and 4.3 below, suggest that at α = α c , the edge speed is zero and the rebellious voter model exhibits neither coexistence nor interface tightness. The picture for the one-sided process is very similar, except that now, due to the nature of the process, the process as a whole tends to drift to the right at some approximately constant speed; see 
The two-sided model
We simulated the interface model Y of the rebellious voter model on an interval of N sites with periodic boundary conditions by slowly increasing or decreasing α from some initial value α b to some final value α e during a time interval of length T . We then divided our time interval into n equal pieces and plotted the average value of 2|Y |/N (for the function ρ) or the fraction of the time that |Y | = 1 (for the function χ) against the average value of α, for each of the n time intervals.
This method has both advantages and disadvantages. One of its main advantages is that it allows one to quickly obtain data for a very large number of values of the parameter, which is useful if one is interested in curve fitting or in estimating derivative functions such as in Figure 16 . The method introduces obvious errors due to the nonzero speed of varying the parameter, but it is not difficult to get a rough idea of the size of these effects. In fact, one can get a good idea of the size of the errors just by looking at the curves (see Section 3.5 for a more detailed discussion). A disadvantage of the method is that the size of the errors varies a lot along the curves since relaxation times increase as one approaches the critical point. One can partially compensate for this by doing detailed simulations near the critical point. (A better approach, which we have not pursued, would be to vary α at a suitable, precisely chosen nonconstant speed.)
The statistical errors in our data for the function ρ appear to be approximately normally distributed (with a variance that depends strongly on α), but those in the data for χ have a skew distribution that is very far from a normal one (this is somewhat visible from Figure 7 ). This non-Gaussian behavior is not unexpected. Indeed, if we start the interface model Y in a state with |Y 0 | = 3 particles, then it is known that for the model with α = 1, It is seems natural to conjecture that this is also true for α < 1, hence the process started with a single particle makes excursions into states with more than one particle that have a duration which has a finite first moment but infinite second moment.
In Figure 3 we have plotted approximations for the functions ρ and χ obtained by our methods, using the parameters:
for ρ : N = 2 15 , n = 2 9 , T = 10 8 , α b = 0, α e = 0.55, for χ : N = 2 15 , n = 2 9 , T = 10 12 , α b = 0.99, α e = 0.49.
(3.4)
The values ρ(0) = 1 and χ(1) = 1 are expected on theoretical grounds. Indeed, it is easy to check that the rebellious voter model with α = 0 never dies out (recall (2.16)) while in the pure voter case α = 1, the process started in a Heaviside state stays in such a state for all time (recall (2.18)).
The numerical data for ρ are well fitted by a linear fractional function of the form This estimate is to be viewed with caution, since this is based on extrapolation of data for (approximately) 0 ≤ α ≤ 0.35, assuming that the linear fractional form (3.5) holds for all α ≤ α c . A more robust method (see Figure 5 ) based on our best data for the functions ρ and χ near the critical point leads to the estimate:
(See also Figure 9 .) It seems that linear fractional functions do not fit the numerical data for χ really well. Our data strongly suggest that ρ(α c ) = 0 = χ(α c ), which implies that at criticality, the process exhibits neither coexistence nor interface stability. Summarizing, the picture that emerges from our numerical data is as follows: 
The one-sided model
We have run the same simulation as described in the previous section, with parameters as in (3.4), also for the one-sided rebellious voter model. The resulting approximations for the functions ρ and χ are plotted in Figure 6 .
At first sight, Figure 6 looks extremely similar to Figure 3 . A closer inspection reveals, however, that the two plots are not identical. Indeed, it seems that for the one-sided model, the functions ρ and χ are described by the explicit formulas:
In particular, one has the symmetry ρ(1 − α) = χ(α) and the critical parameter seems to be given by α c = 0.500 ± 0.002 = 1 2 (?) (3.9)
In Figure 7 , we have plotted the differences between the explicit functions in (3.8) and our data for ρ and χ, respectively. The systematic deviations of ρ and χ from the proposed formulas near the critical point probably stem from finite size effects (compare Figures 11 and  12 below) . A more detailed comparison of ρ with its proposed explicit formula is shown in Figure 8 . Because of the small difference between the left and right edge speed near the critical point (see Section 4.3), these detailed simulations are sensitive to the direction in which α is varied (compare Figure 14 and the discussion in Section 3.5). In particular, the systematic deviation between our proposed explicit formula and the curve produced by lowering α in the left plot of Figure 8 seems to stem from such effects. This systematic deviation almost disappears after giving the system more time to relax (see the right plot of Figure 8 ). We guessed our formula for ρ after estimating the first few derivatives at α = 0 and the formula for χ by analogy with ρ. We do not know of any theoretical reason to expect these formulas. A detailed comparison of the two-sided and one-sided model near the critical point is shown in Figure 9 .
Our proposed explicit formula for ρ, if it is correct, implies that the order parameter critical exponent β for our model is one. Since this is different from the recently published values β = 0.92(2) [Hin00] and β = 0.95(1) [OM06] for the PC universality class, we have used our data to obtain a direct estimate for the value of β. A plot of log(ρ) as a function of log(α c − α) yields an approximate linear graph as α approximates α c from below, the slope of which should be β. To estimate this slope, in Figure 10 we have plotted log(ρ) − β log(α c − α) as a function of − log(α c − α), both for the two-sided and one-sided model, for different values of β. These plots are suggestive of a value of β that is perhaps closer to 0.92 than to 1, but 
Figure 9: A detailed simulation near the critical point of the functions ρ and χ for the twosided process and the one-sided process. On the left: our simulations for ρ use the parameters N = 2 15 , n = 2 7 , T = 4 · 10 9 , α b = 0.445, α e = 0.55. Our plots for χ show detail of a simulation with the parameters N = 2 15 , n = 2 9 , T = 10 12 , α b = 0.99, α e = 0.5.
this is probably due to the fact that our simulations are not precise enough to get sufficiently close to the critical point. In fact, our data become unreliable at α c − α ≤ 0.004, which corresponds to the point − log(0.004) ≈ 5.5 in Figure 10 . Note that in Figure 8 , for the onesided model, the same data were shown to be consistent with our proposed explicit formula for ρ in (3.8), which, if true, implies that β = 1. We conclude that our data are not good enough to convincingly distinguish between β = 0.92 and β = 1.
Finite size effects
To gain more insight into how close our numerical data are to the real functions ρ and χ, we tested the effect of varying the system size N . In Figure 11 we have plotted our approximation (see (3.1)) of the function ρ for different values of the system size N . The pictures for the two-sided and one-sided process are extremely similar, except for a shift of the critical point. In view of Figure 11 , it seems that we can rule out the possibility that the observed differences between the two-sided and one-sided process are due to finite space effects (and a hypothetical slower convergence for the two-sided model). Note that in Figure 11 , our approximations to ρ near the critical point become more rough as the system size is increased. This can be understood due to two effects. On the one hand, near criticality, the random variable |Y ∞ | assumes the values 1, 3, 5, 7, . . . with approximately equal probabilities (see Section 4.2), which means that the number of ones in the system fluctuates from being close to one to a positive fraction of all sites in the lattice. As the system size gets large, this means huge fluctuations, which are moreover slow since at criticality, the edge speed is zero.
In Figure 12 , we have plotted our approximations for the function χ for various values of N . To counteract the 'roughening' effect we have just described, in these simulations, we have increased the total time T together with the system size N . Again, the pictures for the two-sided and one-sided process are similar except for a small shift in the critical point. Figure 11: Effect of the system size on our approximation of the function ρ from (3.1). Plotted are our approximations for ρ using the parameters n = 2 7 , T = 10 8 , α b = 0.55, α e = 0.45, and the system sizes N = 2 7 , 2 8 , 2 9 , 2 10 , 2 11 , 2 12 , respectively. On the left: the two-sided model. On the right: the one-sided model. Figure 12: Effect of the system size on our approximation of the function χ from (3.1). Plotted are our approximations for χ using the parameters n = 2 7 , α b = 0.6, α e = 0.49-0.5, and the system sizes N = 2 10 , 2 11 , 2 12 , 2 13 , 2 14 and times T = 10 9 , 2 · 10 9 , 4 · 10 9 , 8 · 10 9 , 16 · 10 9 , respectively. On the left: the two-sided model. On the right: the one-sided model. : Effect of the duration of our simulations on our approximation of the function ρ from (3.1) for the one-sided model. Plotted are our approximations for ρ using the parameters N = 2 10 , n = 2 7 , α b = 0.6, α e = 0.4, and the total elapsed times T = 10 5 , 10 6 , 10 7 , 10 8 , respectively.
We have also run simulations for different values of the total elapsed time, to investigate the effect of this parameter on the quality of our data. Since short times mean the system does not have enough time for time averages to reach their equilibrium values, the main effect of increasing T is to smoothen our approximated functions. For the function ρ, this effect is demonstrated in Figure 13 . A second effect of choosing a too short time T is that the numerical functions 'lag behind' in that they show values belonging to an α that lies somewhat in the past. This effect is demonstrated in Figure 14 . In this case, our approximations near the critical point depend on the direction in which we vary α: the graph produced by increasing α 'overshoots' the critical point while the graph produced by lowering α picks up too late. Also note the 'hook' at the beginning of the graph started with α below the critical point, which is due to the fact that we start with a single one and the finite edge speed needs several time steps to fill out all space. This sort of effects only occur when T is small relative to N ; in all of our simulations (except those in Figure 14) we have done our best to choose our parameters such that these effects in minimal. In case of doubt, we have run the same simulation in both directions for comparison (see Figure 8) . In some plots, we have removed a small 'hook' at the beginning. Figure 14 : Effects of choosing the time too small compared to the system size, in simulations of ρ for the one-sided model. The two curves were produced by raising resp. lowering α between the values α b resp. α e = 0.4 and α e resp. α b = 0.6. The other simulation parameters were n = 2 7 , N = 2 13 , and T = 10 6 .
Other functions of the process 4.1 Harmonic functions
We have obtained numerical data for a number of other functions of our processes. We have mainly concentrated on the one-sided model, in view of the apparent explicit formulas for the functions ρ and χ in this case. We have not been able, however, to find explicit formulas for any other functions than these two. Nevertheless, our additional functions show some interesting phenomena, which we discuss here. In the present section, we discuss a harmonic function for the (one-sided) rebellious voter model. In the next two sections, we look at the equilibrium probabilities of seeing 3, 5, 7, . . . ones in the interface model, and edge speeds, respectively. Recall that if X is a Markov process with state space S X , then a function f : S X → R is called a harmonic function for X if, for any initial state, the process (f (X t )) t≥0 is a martingale. At least for finite state spaces, this is equivalent to the statement that G X f = 0, where G X denotes the generator of X. In general, a duality between Markov processes translates the invariant laws of one process into harmonic functions of the other process. More precisely, if X and Y are dual Markov process, with duality function ψ, and µ is an invariant measure for Y , then using (2.14) it is easy to see that setting
defines a harmonic function f for X. Note that multiplying f with a constant will not change the fact that it is harmonic. To apply this to the one-sided rebellious voter model, we first need to introduce some notation. In this section, we let X t denote the rebellious voter model, → X t the one-sided rebellious voter model, and ← X t the mirror image of the latter, i.e., the model that jumps as
x → x {i} with rate In particular, χ 1 is the function χ from (3.1) (ii). Except for the case k = 1 (see (3.8)), we have not found any simple explicit formulas that fit these curves. Nevertheless, some regularities may be noted. In particular, if we define Figure 18 , two bottom pictures.) It is hard to obtain sufficiently precise data, but our best data (shown here) suggest that the function φ 3 is not identically one, although it is close. This means that the functions θ 3 and θ 5 are probably not identical, even though they almost fit each other in the picture on top right. Our numerical data are well fitted by the linear/constant functions:
2 ) with c 0 = 0.9115 ± 0.0015 and c 1 = −0.13 ± 0.01, φ 3 (α) ≈ 1.0027 ± 0.0005.
(4.15) and φ k (α) = 1 for k ≥ 5. We note that if one assumes that the explicit formula for χ 1 (α) in (3.8) is correct, and one knows the functions φ k (α) for each k = 1, 3, . . ., then using the fact that . The picture for the (two-sided) rebellious voter model is extremely similar, except that the critical point is no longer 0.5 and we have no explicit formula for χ 1 (α).
Edge speeds
Let Y t be the interface model of the (two-or one-sided) rebellious voter model started with a finite number of ones and let
denote the position of the left-most and right-most ones, respectively. Our simulations suggest that there exist constants v − (α) ≤ v + (α), called the left and right edge speed, respectively, such that lim
Then Z t describes the process Y t as seen from the left-most one. It seems reasonable to assume that the law of Z t converges as t → ∞ to some equilibrium law. Let Z ∞ denote the process Parameters used are N = 2 11 , n = 2 9 , T = 10 9 , α b = 0, α e = 0.5 (left half of each picture) and N = 2 11 , n = 2 9 , T = 10 11 , α b = 0.999, α e = 0.5 (right half of each picture).
in equilibrium. The left edge speed v − (α) can be obtained as the equilibrium expectation E[f (Z ∞ )] of a suitable function f which sums the sizes of all possible changes of l t multiplied with the rate at which they occur. We have simulated the process Z t on a finite interval of N sites by neglecting all particles that fall off the right edge of the interval due to the dynamics of Y t or the shifts in l t . This process does not preserve parity, but if N is large enough the probability that all particles annihilate each other is very small. For most of our data points, such events never occurred, and when they occurred (especially near the critical point) they were so rare that they likely had no big influence on our estimate of the speeds. By slowly lowering or raising α in our usual fashion and keeping track of all changes in Z t that correspond to a change in l t we obtained numerical data for the left edge speed v − (α) and, in a similar fashion, also for the right edge speed v + (α), both for the two-sided and one-sided model.
The results are shown in Figure 19 . One has v − (α) < v + (α) if and only if α < α c and the functions v − (α) and v + (α) are strictly increasing resp. decreasing on [0, α c ). For the two-sided model, by symmetry, v − (α) = −v + (α) and hence v − (α) = 0 = v + (α) for α ≥ α c , while for the one-sided model one has 0 ≤ v − (α), but otherwise the two pictures are remarkably similar. A detailed simulation near the critical point (shown in Figure 20) shows that the estimates for the critical points which one obtains from these simulations are consistent with our earlier estimates. Apart from the obvious values v − (0) = 0 and v − (1) = v + (1) = 1 (for the one-sided model) and v − = v + = 0 on [α c , 1] (for the two-sided model) we are not able to say anything explicit about the curves v − (α) and v + (α).
Conclusions
We have simulated two one-dimensional models of parity preserving branching and annihilating random walks, which arise as the interface models of the (two-sided) rebellious voter model introduced in [SS08a] and the one-sided rebellious voter model introduced in the present paper, respectively. Both models appear to go through a phase transition between an active and an inactive phase as the parameter α (which is one minus the branching rate) is increased from zero to one. In most aspects, the processes behave very similarly both qualitatively and 
quantitatively.
A peculiar property of the one-sided model, however, is that both the particle density ρ and the equilibrium probability of finding a single particle χ, defined in (2.16) and (2.18), appear to be given by explicit formulas, and the critical value appears to be exactly α c = 1 2 . We have no idea why the one-sided model, which has less symmetry than the two-sided model, should be more tractable than the latter. 1 In fact, most hypothetical explanations that come to one's mind should apply to the two-sided model as well, for which our numerical data convincingly show that the formulas in (3.8) do not fit. We have tried without success to find explicit formulas for other functions of our processes.
An important question is whether our proposed formulas in (3.8) for the functions ρ and χ of the one-sided model are exact or only good approximations. In formulas (3.5) and (4.15), we have seen examples of explicit formulas containing some 'strange' constants that fit the numerical data for certain functions of the one-sided and two-sided model, respectively, within the precision of our simulations. In these examples, we believe the given formulas are probably not exact but more or less coincidentally close to the real functions. On the other hand, after trying for a considerable while to find explicit formulas for other functions of the processes, as we did, without success, one really starts to appreciate how well the simple formulas in (3.8) fit our data. The explicit formula for ρ has moreover been upheld in repeated more precise simulations near the critical point. Thus, our present position is that these formulas are probably exact, even though we have no theoretical explanation for this.
An important consequence of our proposed formula for the particle density ρ of the onesided rebellious voter model, if it is exact, is that it implies that the order parameter critical exponent β for this model is one. By the principle of universlity, one then expects this to be true for the whole PC universality class. It is presently generally believed that β is somewhat smaller than one. Recent estimates are β = 0.92(2) [Hin00] and β = 0.95(1) [OM06] , although older numerical work in [IT98] yielded an estimate consistent with β = 1.
A thorough discussion of the reliability of these estimates lies out of the scope of the present paper. We stress that while our proposed formula for ρ strongly suggests that β = 1, the most convincing data for the correctness of this formula are obtained some distance away from the critical point. Our best data near the critical point are not good enough to convincingly distinguish between β = 0.92 and β = 1; see Figure 10 .
It is currently believed that for the PC universality class (in dimension one), β/ν ⊥ = 1 2 . If also β = 1, this suggests that the static critical exponents of this universality class are simple. (The dynamical critical exponents, such as those related to the edge speeds, could still be nontrivial.) In this context, it is interesting to note the effect, observed in Section 4.1, that the harmonic function → f x (α) defined there appears to continue smoothly across the critical point, which also suggests simple critical behavior.
We conclude this paper with some suggestions for further work. First of all, the proposed formulas (3.8) ask for a theoretical explanation. This does not seem to be easy. The task would be easier if one could find explicit formulas for more functions. In particular, if one could find explicit formulas for the harmonic functions → f x (α) define in Section 4.1, then it would be straightforward to prove that these are indeed harmonic, which probably could be used to prove (3.8) as well. For those interested in such problems, we have made the data underlying our figures available in the supplementary material. Even in the absence of an explicit formula, these harmonic functions (and their observed smooth behavior) seem a fruitful object for further theoretical considerations.
Our paper also calls for a critical evaluation of the evidence collected so far about the order parameter critical exponent β of the PC universality class. Finally, it raises the question if there are more models in this universality class that are (or appear to be) explicitly solvable. Our present work suggests that such models might in particular be expected in the class of one-sided models, where information is passed in one direction only.
